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Abstract 

We derive explicit forms for the superisometries of a wide class of supercoset 
manifolds, including those with fermionic generators in the stability group. We 
apply the results to construct the action of SU (2, 2|4) on three supercoset mani- 
folds: (10|32)-dimensional AdS^ x superspace, (4|16)-dimensional conformal 
superspace, and a novel (10|16)-dimensional conformal superspace. Using su- 
perembedding techniques, we show, to lowest non-trivial order in the fermions, 
that at the boundary of AdS^, the superisometries of the AdS^ x 5^ superspace 
reduce to the standard = 4 super conformal transformations. In particular, 
half of the 32 fermionic coordinates decouple from the superisometries. 
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1 Introduction 



A crucial element in the AdS/CFT correspondence [Q] is that the symmetry group 
SU{2, 2|4) is shared by string theory in AdS^ x and A/" = 4 super- Yang-Mills theory 
in four dimensions. In the string theory context, SU{2,2\4) appears as the group of 
isometries of C(ioi32), the AdS^ x 5*^ superspace in which the ( Green- Schwarz) string 
propagates. In the dual conformal field theory, S'f/(2,2|4) is the group of supercon- 
formal symmetries. Equivalently, we may take the gauge theory to be defined on 
a (4|16)-dimensional conformal superspace, denoted C(4|i6), whose superisometries — 
the superconformal transformations — again form the group 5'[/(2,2|4). Both C(io|32) 
and C(4|i6) are supercoset manifolds of S'f/(2,2|4), and the realization of S'?7(2,2|4) 
on the coordinates of these spaces is well studied. 

The AdS/CFT correspondence identifies the boundary of anti-de Sitter space 
with the fiat space on which the field theory is defined. If we are to implement the 
correspondence on the superspaces C(io[32) and C(4|i6), then the isometries of C(io|32) 
must reduce, at the boundary of AdS^, to the superconformal transformations of 
C(4|i6). In particular, six bosonic and 16 fermionic coordinates must decouple from 
the C(io|32) superisometries in the boundary limit. The decoupling of the six bosons is 
familiar from the bosonic truncation of the AdS/CFT correspondence. What is new 
is the decoupling of the fermions. The purpose of this paper is to show, to leading 
non-trivial order in an expansion in the fermionic coordinates, that the 32 fermions 
of the AdS^ x S^ superspace C(io|32) split into sets of 16: one set may be identified, 
at the boundary of AdS^, with the fermionic coordinates of C(4|i6), and the other set 
decouples from the boundary superisometries. 

Our first step is to derive explicit forms for the superisometries of these super- 
spaces. In section 2, we develop general machinery for computing supercoset isome- 
tries, extending the results of 0, ^. Then in section 3, we apply our general formulae 
to the supercosets C(ioj32) and C(4|i6), and also to a novel conformal superspace, 
denoted C(io|i6), which is an enhancement of C(4|i6) by six extra bosonic coordi- 
nates. With our choice of supercoset representatives, the boundary decoupling of 
the 16 fermionic coordinates from the C(io|32) superisometries is not obvious. We 
exhibit the decoupling in section 4, by means of the superembedding approach of 
0, 1^. The superembedding approach offers an intuitive picture of the boundary as 
a (4|16)-dimensional brane embedded in C(io|32)- The geometry of the embedding is 
captured in a certain matrix (the superembedding matrix), and the dynamics of the 
brane subjects this matrix to a constraint (the superembedding equation), whose so- 
lution provides us with the desired decomposition of bulk fermions. We find that the 
C{io|32) superisometries indeed reduce at the boundary to the C(4|i6) superconformal 
transformations, with six bosonic and 16 fermionic coordinates decoupling. 

The identification of bulk and boundary coordinates has many potential applica- 
tions. One example is the study of Wilson loops. The AdS/CFT correspondence 
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relates the expectation value {W{C)) of a Wilson loop operator along a contour C 
in the boundary A/" = 4 field theory to the action of the minimal- surface bulk string 
worldsheet ending on the loop C. This aspect of the correspondence has been in- 
vestigated mainly for purely bosonic boundary conditions [|], |^ ||, . Extending 
the story to the fully supersymmetric situation requires a detailed understanding of 
the relationship between bulk and boundary coordinates in superspace. The present 
work is a step in this direction, and a full discussion will be presented in |jTl|. The 



C(io|i6) superspace plays an important role: the additional six bosonic coordinates are 



essentially identified with the loop variables of |T0[, which appear in the definition of 
the Wilson loop. 

Another possible application is to the relation between gauged supergravity and 
conformal supergravity |T3|, Q . For various maximal gauged supergravity theories 
with AdS vacua, it has been shown that the field transformation rules reduce on the 
boundary of the AdS space to the transformation rules of conformal supergravity 
in one lower dimension |T^, |TB|, |TB[. At the level of superspaces, this should be 
implemented as an identification of the local superspace translations. The present 
work identifies the rigid limit of these superspace translations in the case of five- 
dimensional gauged Af = 8 supergravity (in the AdS^ vacuum) and four- dimensional 
AA = 4 conformal supergravity. 



2 Superisometries of Coset Manifolds 

Our goal is to compare the isometrics of AdS^ x superspace and conformal su- 
perspace, both of which are supercoset manifolds of the supergroup 5'f/(2,2|4). In 
this section, we review a general scheme for describing supercoset manifolds and their 
isometrics ^, and obtain explicit expressions for the isometrics of a class of coset 
supermanifolds that includes both superspaces. 

Let C = G/H be a coset manifold, with coordinates = (X^,^"), and let 
Q{Z) G C be a coset representative. Given g & G, we can always find an element 
h{g, Z) of the stability group H such that 

g{z) ^ gg{z)h~^ (2.1) 

is an isometry of C. The meaning of this equation is as follows. The element g E G 
defines an isometry of the group G by left-multiplication. However, in general this 
transformation is not an isometry of C: if G & C , gQ need not be an element of C. 
In fact, 

gGiZ) = g{Z')h, (2.2) 

for some Z' and some h & H, with h depending in general on g and Z. To get back 
to C, we must compensate the transformation g by right-multiplication by h. 
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Our characterization of the supercoset isometries will involve the Cartan 1-forms 

L{z) = g{z)-'dg{z), (2.3) 

valued in the Lie algebra of G. The Cartan forms trivially satisfy the Maurer-Cartan 
equation 

dL- LAL = 0. (2.4) 

They are left-invariant in the sense that they are unchanged under left-multiplication 
of g{Z) by an element g & G, 

{gg{z))-'d{gg{z)) - g{z)-'dg{z) = o. (2.5) 

Using (|2.2|) , we may rewrite this as 

h-^L{Z')h + h-^dh~ L{Z) = 0. (2.6) 



Now let g be an infinitesimal isometry. Let the associated coordinate transforma- 
tion on the coset manifoldQ be 

-E^ = Z'^' - Z^' , (2.8) 
and let the infinitesimal compensating transformation be 

h = l + A. (2.9) 
Then the statement (|2.6| ) of the left-invariance of L becomes 

CsL + dA+[L{Z),A] = 0, (2.10) 
where C- is the Lie derivative in the direction S. 



This is a G-covariant statement, but the form of ( p^.lOD is not G-covariant: L can 



take values in the full Lie superalgebra of G, but A is restricted to lie in the Lie 
superalgebra of H. To write ( |2.10D in a G-covariant form, we define the quantity 
S = S^T4 by 

S^'=A^' + S*^L^, i:^ = E''Li. (2.11) 

^For semi-simple groups G and H, an isometry is equivalently characterized by the invariance of 
the Hne element 

gMNdZ^^dZ^ = GabE^jE^cLZ^UZ^ , (2.7) 

where Gab is the restriction to C of the Cartan-Killing metric on G, and E is the vielbein of the 
coset manifold. However, if G or is not semi-simple — as is the case for Minkowski superspace 
and for the conformal superspaces we shall encounter in section 3 — the Cartan-Killing metric is 



degenerate, and (2.7) is not well defined. In this case, guN must be replaced by an appropriate 



G-invariant symmetric bilinear form, along the lines of ||ri 
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space 


generators 


bosonic generators 


fermionic generators 


G 


Ta 




T- 


C 


Ca 




Ca 


H 


Ha' 


Ha' 


Ha' 



Table 1: Conventions for the generators of G, C, and H. 

The notation is as in table 0: A runs over all the generators of G, A' indexes the 
generators Ha' of the stability group if, A indexes the coset generators Ca («-e., the 
generators of C which are not generators of if), and L = L^Ta = L^jcIZ^^Ta- Using 
the Maurer-Cartan equations, we can rephrase ( p.lO ) in the G-covariant form 



rfS + [L,S]=0, (2.12) 

which is just the Killing equation for S. 

We wish to solve for S, S, and L. The general solution of (2.12) is 

j:{z) = g{z)-'Tg{z), (2.13) 

where T is a constant element of the Lie superalgebra of G. To make further progress, 
we must choose a parametrization of the coset representative G{Z). We make the 
ansatz 

g{Z)=v{X)e'', (2.14) 

where v{X) is purely bosonic, = 0"Gq, and 9" is related to the superspace 
fermionic coordinates ^" by 

e" = ^^t/(X). (2.15) 

We have the freedom to choose )f:^"(X) arbitrarily. This freedom amounts to a 
gauge choice in superspace. For now, we will leave t^"(X) unspecified, and state our 
results for the isometrics and the Cartan form in full generality, but as we shall see in 
section 3, our formulae simplify drastically with an astute choice of superspace gauge. 

The Cartan form and G-covariant Killing spinor are derived as in |1|, with 
the result 

= {{DQ)ABf, L^ = Ll~{{DQ)AfQ'^fl-p, (2.16) 
S° = {{BQ)ABf + {j:oMcot\iMABf , 

= ^l-{^,ABYQ^fl.-{{BQ)AfQ"fl., (2.17) 



^Our problem is more general than the one in [^8[ ^, since we allow H to contain fermionic 
generators. However, the methods used there to derive the Cartan forms and isometries are still 
valid. 
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where 



A/ = ^(^^^^^^^ \ i?/ = (>lcothA</2)/, 

M'/ = /|,e^eVi, (2.18) 

and the f^^ are structure constants of the isometry superalgebra. The bosonic com- 
ponents of L and S involve Lq and Eg, the G = values of the Cartan form and the 
Killing vector, 

Lo = v{X)-^dv{X) = e^Ca + uj'^'Ha' , So = v-\X)Tv{X) . (2.19) 

We have introduced the quantity 

{DQfTs, = de^'C^ + dX>'e^''Ua% , (2.20) 

where the matrix Ua°' depends on the superspace gauge choice ta'^{X), and is given 
by 

U:T^ = e/ {d,Q + [Lo,, 9]) = e/ {O^d.^'^Ca + OVLIjIt^) . (2.21) 

The last step in our program is the calculation of the superisometries S. The 
Cartan form L may be written as a linear combination of stability group generators 
and coset generators, 

L = L^Tx = E^Ca + ^^' Ha>. (2.22) 

The 1-form coefficients = E^^dZ^^ are the vielbeins of the coset manifold, while 
the fl^ make up the H- connection, which is the analogue for coset manifolds of the 
usual spin connection. Inverting ( p.ll ), we obtain 

E^' = T.^{E-^)a^ . (2.23) 

We calculated in ( p.l7| ), but for ( p.23|) to be truly useful, we need an expression 
for the inverse vielbein coefficients. We can compute the vielbein itself relatively 
straightforwardly, by comparing coefficients of the coset generators in ( p. 221) and 
(|2l6|) . The resuh is 



A _ / e/(X) \ 5^- + (UAyy (UAB) 



with 

y^" = -e^/;3^». (2.25) 
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If the fermionic generators all lie in C, then 



and the superisometries are given by 

+S^(A^ coth - S2(A<"^ tanhA^/2)/(3^f/)/ . (2.27) 

All of the coset superspaces that arise as near-horizon limits of the standard super- 
branes (M2, M5, D3, D1-D5), including AdS^ x superspace, are of this type. 

Inverting E is more difficult if the stability group contains fermionic generators. In 
this case, the matrices A and B appearing in ( |2.24[ ) are not square, so their inverses. 



which are needed in (|2.26| ), are not well defined. However, if the (anti) commutator 
of every fermionic coset generator with every coset generator is itself in the coset, 

[C^,CA}eC, (2.28) 

then we may still use ( p.27|) to calculate the superisometries, if we set the coordinates 
conjugate to the fermionic stability group generators to zero by hand. Both of the 
conformal superspaces we will study in section 3 contain fermionic stability group 
generators, but satisfy the condition 



3 Superisometries of AdS^ x and Conformal Su- 
perspaces 

We now apply the formalism of the last section to compute the superisometries of 
three distinct cosets of G = S'f/(2, 2|4).2 The generators of S'f/(2,2|4), together with 
their weights under dilatations, are listed in table 0. 

As noted in the introduction, the three coset spaces we study are: 

(1) the AdS^ X superspace 

_ SUi2,2\A) 
^^''^''^ - 50(1,4) X 50(5)' ^^-^^ 

in which the Green-Schwarz string in an anti-de Sitter background naturally propa- 
gates; 

•^Our conventions for spinors and for the SU{2, 2|4) algebra are given in appendix A. 
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Operator 


Weight 


Name 


P 

771 


1 


Conformal Translations 


Q 


1/2 


Global Supersymmetries 







Lorentz Rotations 


D 





Dilatation 







SO{Q) Rotations of 


S 


-1/2 


Special Supersymmetries 


K 


-1 


Special Conformal Transformations 



Table 2: SU{2, 2|4) generators in the superconformal basis. The S0{6) rotation U is 
a linear combination of the S0{5) rotation M^,„, and the translation P^, {m',n' = 
1, . . . , 5) on the 5-sphere. 



(2) the conformal superspace 



Sf/(2,2|4) 



'^^''^^ Span(iso(l, 3) k®D® so{6) © S) ' 

on which the dual A/" = 4 super- Yang-Mills theory may be formulated; and 
(3) a novel conformal superspace 

C(10|16) 



(3.2) 



SU{2,2\4:) 



Span(iso(l, 3)^ © so(5) © S) ' 



(3.3) 



which differs from C(4|i6) by the addition of six bosonic coordinates. This superspace 
will find application in the study of supersymmetric Wilson loops [|Tl|] . 

The division of the SU{2, 2|4) generators into coset and stability group generators 
for each coset space is shown in table |[ 





C(10|32) 


C(10|16) 


C(4|16) 


c 


^{Pm + Km)) Pm'i ^i ^ 


Pm, Pm'y Q 


Pmi Q 


H 


2(-^m Km) 1 M^mni ■^m.'n' 


Km, Mmn, -^'m'n'^ ^ 


Km, D, -^m') Mmn, M^m'n'^ ^ 



Table 3: Coset decompositions of S'[/(2,2|4) Generators 
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3.1 Superisometries of AdS^ x superspace 



Super-horospheric coordinates 

We begin by describing our choice of coordinates on the AdS^ x 5*^ superspace C(io|32)- 
For bosonic coordinates on AdS^ we choose the horospheric coordinates [x"^, p), which 
appear naturally in the near-horizon limit of brane solutions in supergravity. The 
are four Cartesian bulk coordinates parallel to the brane, while p is the bulk coordinate 
perpendicular to the brane. In these coordinates the AdS^ metric has the form 

ds' = p^dx' + (^^J dp\ (3.4) 

where R is the characteristic length ("radius") of AdS^. In the following we will set 
R = 1. The boundary of AdS^ is located at p = oo. The coordinates on are 
denoted by 0"^ . Sometimes we group the coordinates of the sphere and the radial 
coordinate of AdS^ into a system of 6 Cartesian coordinates , with 

p=\y\. (3.5) 



We wish to extend these bosonic coordinates to a coordinate system on C(io|32) 
in which the superisometries take as simple a form as possible. This involves fixing 
the arbitrary matrix t^" in ( p.l5|) . To guide our choice, we notice that all fermionic 
dependence in ( p.l6| )-( p.21| ) is polynomial in DQ and 0. The most desirable choice 
of t^"(X) would simultaneously simplify DQ and 9, and so render the calculation of 
the superisometries tractable. 

The most obvious choice t^°'(X) = 5^" (Wess-Zumino gauge) simplifies 9, but DQ 
remains complicated. Another option is to choose t^" such that, if is a constant 
spinor, the spinor 

6"(X)=eVW. (3-6) 

satisfies the Killing equation 

(5|t/ + LX^)e^(X) = 0. (3.7) 

This ensures that 

f/a" = 0. (3.8) 

In this gauge, called Killing gauge |T^, 

(D9)" = {deftf and {DQ)"' = . (3.9) 

However, with this choice the expressions for the superisometries are not translation- 
ally invariant, and 9 itself is a rather messy function of 6. We therefore work in a 
different gauge, which we now introduce. 
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Let us write the fermionic generators of SU{2, 2|4) in the superconformal decom- 
position (for details see appendix A. 2) 

Qc 



Sr. 



(3.10) 



For the fermionic parametrization of the coset we choose 

e = Q,Q' + Q,e' 

= {u-%^e,p"^Q' + {u-%H,p-^/^S' + Qi/'^e^Uj' + S,p~^'^d^Uj' . (3.11) 

Here Ui' = Ui^{(p) is a coset representative of S0{6)/ S0{5); the indices i,j are spinor 
indices of SO (6). We name the gauge defined by (|3.11|) partial- Killing gauge, as it is 
intermediate between the Wess-Zumino and Kilhng gauges. In this gauge, 

U^ = U^,=0, (3.12) 

but t/^ need not equal zero; the Killing equation is satisfied in the S^ and radial 
AdS directions, but not in the directions parallel to the boundary. The coordinates 
= {x'^, p, 0™ ,9^,'d'^,9i,{}i} are called super-horo spheric coordinates. 

The AdS^ x S^ supergeometry and isometries 

The supercoset C(io|32) is maximally supersymmetric; the stability group contains no 
fermionic generators. The isometries are calculated from ( p.27| ). 

The geometry is given by the supervielbein 

E = E^Cm = E^P^ + E^D + E^'Pr^, + {Q.E'q + h.c.) + (5,E^ + h.c.) , (3.13) 
where 



E" 



EP 
Eh 

Ei 



p 



rfx" - 1 (i) ^an^^^j-f"'^'j + [\dea'^e' + lOid^^Oj^'^e' + h.c. 

+ (i)' (|rf^i7"^' + l^ide^^j^""^' + h.c.)] + o{e A ^9) , 
dp - \ (dOi^' - d^ + h.c.) p] + o{e A ^) , 



.1/2 



' - i\ (dOi^^ + ddiO^ + dx'^dnm^^ - h.c.) (m7""'m-^) . ' + 0(9 A ^) 
dO^ - rfx™7„7?^' + (ddkO^ - Okd'd^)] u/ + 0{e A d) , 



P 



-1/2 



d^' + {2d9k^^ - ^ude^) + dx'^^^^klm^^ Uj' + 0{e A ^) . (3.14) 



Here 0{d A i)) stands for terms containing both 6"^ and i?*. As we have noted, it is 
sometimes convenient to replace the coordinates (p, 0™ ) by Cartesian coordinates . 
In these coordinates, E^ and E^ are subsumed into 

E' = - \dy' - i ({dO,^^ + dx"'dam'&') i5''t - 7"')iyj + h.c' 



+ i(d?9,^^((5"ll + 7'")/2/j + h.c. 



+ 0{9A^). (3.15) 
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The superisometries then follow from substituting into (|2.27|) : 

Sx"^ = -^^{x) - \ (e,(x)7™^^ + h.c.) - \ (f^.e^e^-i'^e' + h.c. 



- (f )' [A^ + i (f^a'^d' + h.c.) + \ (e{x)id^dj^'^d' + h.c. 
Ad(x)p + \ (ei{x)& - f^iO' + h.c.) p + 0{dhd), 



6p 
56' 



SO(6) 

IJ 



+ l{e,{x)^^{6''t-^"')/yj + h.c. 



-e [X 



(f )' [^K + -2 {Vjl""^ + h.c.) + i (e,(x)#'^?,7™^9^' + h.c.) 
(2ej(a;)?9^' - ^je'{x)) + 0(6 A ^) . 



(3.16) 



We have written these transformations in terms of the x-dependent parameters of 
superconformal transformations, 



A mn I 



X) 



Ad{x) 
A™ 



e [X 



a*" + XlPxn + Xdx"^ + (x'A^ - 2x'^x ■ Ak) 
2x- Ak 



^X 1\k 1 



Xd 

(e' + x^'^mVl- 



(3.17) 



Here a"^, A^"^, A^i, A^ are the constant parameters of translations, Lorentz rotations, 
dilatations and special conformal transformations; e and r] parametrize supersymme- 
tries and special supersymmetries; and the A;^Q(-gj are the parameters of the SO (6) 
/^-symmetry. 

In the boundary limit p ^ 00, the radial coordinate p decouples from the bosonic 
isometrics 6x'^, and these isometrics reduce at the boundary to the conformal trans- 
formations of conformal space. We likewise expect that 16 fermions decouple from the 
superisometries in the boundary limit, and that the superisometries reduce in that 
limit to the superconformal transformations of conformal superspace. The decoupling 
of the fermions is not evident in ( |3.16| ), though. In fact, from ( p.l6| ) it would seem that 
the boundary isometrics depend on all 32 fermionic coordinates. We will resolve this 
puzzle in section 4, by exhibiting a change of coordinates in which the decoupling of 
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16 fermions is apparent. To make the decoupling precise, we need the form of the su- 
perconformal transformations of the boundary. We now study these transformations 
in the context of the novel conformal superspace C(io|i6) defined above. 



3.2 The C(io|i6) superisometries 

The novel conformal superspace C(io|i6) is an enlargement of the conformal Minkowski 
superspace C(4|i6) by the six bosonic coordinates = {v,ip"^ ). At the level of the 
SU{2, 2|4) algebra, this enlargement is realized by reclassifying the generator D (cor- 
responding to p) and the generators of S0{6)/ S0{5) (corresponding to the sphere 
coordinates) as coset generators, rather than as stability group generators. Fermion- 
ically, C(io|i6) differs from that of C(io|32) in that generators S are assigned to the 
stability group. The 16 fermionic coordinates are defined by 

e = {u-^)i^XiV^/^Q' + QiV^/^X^u/ , (3.18) 

which is the natural adaptation of ( p.ll| ). Within this coset this choice corresponds 
to the Killing gauge. 

The coordinates z'^ of C(io|i6) conjugate to the generators {Pm,Q\D,P^,) are 
{w"^, A", V, ip"^ ). The supervielbein e 

e = e™P^ - e^D + e™'P„/ + {Qie' + h.c.) (3.19) 

of C(io|i6) may be obtained either by direct calculation or by setting {} = d{} = 0, 
{x"^, , 9^) = {w"^, , A*) in the Cartan form of AdS^ x 5*^ superspace. The result is 
essentially the vielbein of flat superspace. The isometrics are given by 



Sw"^ = -^^(w) - i(e,(u;)7™A^ + h.c.) + l{Kr]^ - r/.A^)A,7™A* - fX^xX^Xjl'^y , 
SX^ = _,^(^) _ iA^(«;)Y - lA^, . ^A^ - \X^A'sU4^ij)/ - A^(2r7,A^ - X,v') 
—^X^XjIILkX'^ , 

6v' = AB(«;)t;^-Ai^(6)t;j-((r/A^ + p4i,A^)(M^'^ + f^'')>j + h.c.) . (3.20) 

These transformations are precisely the superconformal transformations derived in 
191 via supertwistors, extended to the bulk directions . They realize the SU{2, 2|4) 



algebra on the 10+16 coordinates, as desired. 

The coordinates are completely decoupled from the transformations of x and 
6. Their associated generators can therefore be freely moved into the stability group, 
to give C(4|i6), without affecting the isometrics. Indeed, 6w"^ and 6X^ in ( p.20|) are 
exactly the superisometries of conformal Minkowski superspace. 
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4 AdS^ X Superisometries and Superconformal 
Transformations 



In the bosonic truncation of the AdS/CFT correspondence, the isometrics of the 
bulk space restrict at the boundary to the conformal symmetries of the boundary 
theory. Any sensible extension of AdS/CFT to superspace must preserve this feature; 
namely, the superisometries of the bulk space must reduce in the boundary limit to 
the superconformal transformations of conformal superspace. In particular, in the 
example we studied in section 3, 16 of the 32 fermionic coordinates of C(io|32) must 
decouple from the superisometries in the limit p oo. But no decoupling of this 
sort is apparent in ( |3.16| ), nor is it clear what the proper relationship is between the 



C(4|i6) fermionic coordinates A and the C(io|32) fermions 9 and ^. 

We can state the difficulty another way. If the AdS/CFT correspondence extends 
to superspace, then it must be possible to carve out of the 10 + 32 coordinates of 
AdS^ X S^ superspace a set of 4 + 16 supercoordinates = (w™. A*), with 

A = Xix"',y',e,^), (4.1) 

and with the property that 

<^(10|32)^^|p=oo = S(^4\16)Z^- (4-2) 

Here 5(io|32) and 6(4\iq) denote the superisometries ( p.l6| ) and the superconformal trans- 



formations (|3.20| ). We are thus asking for a (4|16)-dimensional brane C(4|i6) embedded 
in C(io|32) at p = oo, on which the superisometries of C(io|32) restrict to the superi- 
sometries of conformal superspace. The equations (|4.2| ) are overconstrained, so the 
existence of a solution is non-trivial. 

Nonetheless, we will find one. Our method uses the superembedding formalism of 
[^, 0. Consider a superbrane with coordinates and vielbein cm—, embedded in a 
larger target superspace with coordinates and vielbein i?M— -0 The geometry of 
the embedding is encoded in the superembedding matrix 

EM^^{e-')M''dMZ^E^^. (4.3) 

The dynamics of the embedded superbrane are contained in the requirement that the 
superembedding matrix satisfy the superembedding equation 

EJ^ = 0. (4.4) 



^Underlined and non-underlined indices refer to local Lorentz and general coordinate frames, 
respectively. 
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where runs over the bosonic directions of the target space. The superembedding 
equation states that the fermionic tangent space of the superbrane hes entirely within 
the fermionic tangent space of the target space, and does not protrude into the bosonic 
part of the tangent space of the target. 

For us, the embedded superbrane is the boundary space C(4|i6), and the target 
space in which it is embedded is the bulk space C(io|32)- The superembedding matrix 
is given in terms of the vielbein of C(io|32),Q the unknown coordinate transformation 
(|4.1|), and the vielbein of C(4|i6), which is just the vielbein of flat superspace, 

= d\^. (4.5) 



Thus the superembedding equation constrains the coordinate transformation (f4.1|) . 
The most naive identifications = a;*". A* = 6'* violate ( [4.4| ). However, the corrected 
transformations 



K' = 9^' + \ej{2^,e' -e,^') (4.6) 

solve (^4.4|) to third order in 9 and d. We expect that an expansion like ( [4.6|) can 
be developed to all orders 9 and Moreover, the coordinate transformations ([4.6|) 
satisfy ([4.2|): 16 fermionic degrees of freedom do decouple from the C(io|32) superi- 
sometries in the limit p — oo, and the superisometries indeed reduce in that limit to 
the superisometries of conformal superspace. 

The redefinitions ([4.6|) can be extended to a map from C(io|32) to the novel con- 
formal superspace C(io|i6), with coordinates {w'^^v^ , A*), by supplementing ( ^^ ) with 
the transformations 

v' = y'- h,9^{5''t - i"'),'yj - + ^''^yj . (4.7) 

Again, the superisometries of the bulk restrict at the boundary to the super conformal 
transformations of the novel conformal superspace, in the sense of 
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^Extracting non-trivial information from the superembedding matrix requires more terms in the 
expansion of the vielbein of C(io|32) than were presented in section 3. In Appendix B we give the 
bulk vielbein and superisometries to quartic order in the fermions, in the relevant limit p oo. 



6 



In a different coset representative is used to prove (42) to all orders, and the corrections 



in (4.6) are attributed to Baker-Hausdorff rearrangements. 
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A The 5/7(2, 2|4) Algebra and Spinors in AdS^ x 
and Conformal Superspace 

The S't/(2,2|4) algebra contains S'0(2,4) as a bosonic subalgebra. We begin by 
discussing the Dirac matrices of SO {2, 4) and SO{Q). We index the 5*0 (2, 4) directions 
by m = {m, S, T}, with m = 0, . . . , 3 and signature fi^n = diag( — I- + + H — )• Written 
in a chiral basis, the S'0(2,4) Dirac matrices have the form 



m 



7™ \ f = f ° f = f ° 

7™ j ' I 75 j ' I 1 



(A.l) 



where the 7^ are the Dirac matrices of S0{1, 3), and 75 = 'i7o7i7273- 

The chiral decomposition proves useful, since the minimal spinor in AdS^ x 
dimensions is chiral with respect to both S'0(2,4) and SO{Q). We will work with 
right-handed spinors A satisfying = —A, where 

r7 = ^fofi---f5fT= (y \ ^ . (A.2) 

We denote the restriction of T to the right-handed chiral spinor subspace by 7. The 
antisymmetrized products of the 7^ are given by 

Iran = Imn , ImS = Iral^ , ImT = -^ra , 7T5 = 75 • (A. 3) 

These matrices satisfy the Fierz identities 

(7™n)/(r")/ = 25/5,' - 85/5/ , (7rnn)/(/^~)/ = -85[^%^ . (A.4) 

The 50(6) directions are indexed by /. We denote the Dirac matrices of 50(6), 
restricted to the chiral subspace, by 7'^. If we divide the index / as / = {T', m'}, where 
m' = 1, . . . , 5 runs over the directions, and consider antisymmetrized products as 
in ([A.3| ), then the matrix 7^, appearing in ( p.l4| ) and (|3.16| ) is given by 7^, = 7^/^/- 



The group S'f/(2,2|4) is generated by: 50(2,4) transformations Mmn {jh,h = 
0, . . . , 3, 5, T); 5f/(4) transformations U- = 1,...,4); and fermionic transfor- 

mations (a = 1,...,4) and Qf = m(Q*)/o) • The structure of the algebra 



IS 



1 

■4' 



[Mrnn,Q/ = -]ilrhnQ' 



{Qa,Q/} = ^5/(7"")/MA^-5/f//, 

[W,Uk'] = 6/W-6k'Ui\ (A.5) 
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plus complex conjugates. All other commutators vanish. 

We can rewrite this in two ways, corresponding to two different breakdowns of the 
50(2,4) subalgebra. 

A.l The AdS Decomposition 

The AdS decomposition takes note of the coset structure 

AdS5 = S0{2,A)/S0{1,4). (A.6) 
We split the generators of 5*0(2, 4) into 

Prh = 2MrhT, Mrhn = Mmh , (A.7) 

with m, fi = 0, 1, 2, 3, 4 = S. The Mmh generate the stability 5*0(1, 4), while the 
generate translations in AdS^. In this decomposition, the 5^7(2, 2 14) algebra is 

[Pq, Afyfjjj] = fjqlmPn]i [Prhi Pft] — 2Afyfjjj 

[Mrnn,Qj] = -|(7mnQ%, 

[Pfn,Qj] = ^(7mTQ%, 

{Qa\Q/} = \3/iTVPrh + ls/{T%^Mrnh - SjU/ , 

[W,Uk'] = S/Uk^-Sk^U/, (A.8) 
plus complex conjugates. All other commutators vanish. 

A. 2 The Superconformal Decomposition 

In the superconformal decomposition of 5^7(2, 2|4), the 50(2,4) subalgebra is de- 
composed by weight under the dilatation operator 

D = 2Mts ■ (A.9) 

The four-dimensional translations 

= 2(M„T + (A.IO) 



15 



(m = 0, 1, 2, 3) have weight 1 {i.e., [D, P^] = P^); the S0{1, 3) Lorentz transforma- 
tions 

Mmn^Mmn: (A.ll) 

the SU{4) transformations Ui^ and the dilatation operator D itself have weight zero; 
and the special conformal transformations 



Km = 2{MrnT - Mms) 



(A.12) 



have weight —1. The fcrmionic operators split into supersymmetries Q, with weight 
1/2, and special supersymmetries S, with weight —1/2, according to 



(A.13) 



That is, D divides the fermionic generators according to their SO{l, 3) chirality. In 
this decomposition, the algebra becomes 



[Pq, ]\/[ffin\ f]q[mPn]i 



[-^5 -^m] -^mi 

2 {r]mnD + 2M^„) , 



{Qa,Q/}=Si{Ync'Prn: 
{Qa,S/} 



{SJ,S/}=5/{^'-'')jK„,, 

5/5 JD + 5/(7"")a''M„, - 25 JU/ , 

A.'^n J _ -5-^0 

'-'I ^% 1 

5}U^ -5^U}, (A.14) 



plus complex conjugates. All other commutators vanish. 



A.3 Fermionic Coordinates of 5'?7(2, 2|4) Cosets 

A general minimal spinor in AdS^ X is chiral with respect to ^0(2,4) and 50(6), 
and so contains 32 degrees of freedom. We write the 32 fermionic coordinates of the 
AdS^ X 5"^ superspace C(ioi32) as Of, where a = 1, 2, 3, 4 and i = 1, 2, 3, 4 are the 
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5*0(2,4) and 50(6) spinor indices. As in the discussion above, the conjugate spinor 
9" is defined by 

e? = ^((eOS)". (A.15) 

The superconformal decomposition sphts the fermionic generators with respect to 
their 5*0(1, 3) chirahty, which brings about a spht of the coordinate 6^ into 

The 6^^ are the coordinates conjugate to the supersymmetries Q, and the -i^J, are 
conjugate to the special supersymmetries 5*. 

In the conformal superspaces 0(4|i6) and C*(io|i6), the are elements of the coset 
and have conjugate coordinates 6*^, but the 5^ are elements of the stability group and 
have no corresponding conjugate coordinates. 



B The superisometries of AdS^ x S to quartic order 
in fermions 



We present to quartic order in the fermions the bosonic vielbein E"^ of O(io|32) and 
the coordinate variations under supersymmetries and special supersymmetries, in the 
limit p — > cxD. These are needed to establish the coordinate transformations ( |4.tj| )-( |^?7] ) 
and the corresponding matching of superisometries and superconformal transforma- 
tions. We have explicitly calculated the matching only for the supersymmetries and 
special supersymmetries, but we expect the matching to hold for all superisometries. 



P 



1 

'4"i 



n n't \ / n m/riN , 1//n m / i in r 



-h.c.)], (B.l) 



1 



Ke-^'^^^^'-^.TVKTa^?)^' 
i[ei^9^(5"l-7' 



-e 
_ 1 

2 ' 



iIJ\ i 

3 



(B.2) 
(B.3) 
(B.4) 
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